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Abstract 

This paper studies the Hardy-type inequalities on the intervals (may 
be infinite) with two weights, either vanishing at two endpoints of the 
interval or having mean zero. For the first type of inequalities, in terms 
of new isoperimetric constants, the factor of upper and lower bounds 
becomes smaller than the known ones. The second type of the inequalities 
is motivated from probability theory and is new in the analytic context. 
The proofs are now rather elementary. Similar improvements are made 
for Nash inequality, Sobolev-type inequality, and the logarithmic Sobolev 
inequality on the intervals. 

A large number of results on Hardy-type inequalities have been already 
collected and explored in the books [10] - [12], [16], and [18]. This paper makes 
two additions. The first one is for the functions vanishing at two endpoints of 
the interval. This type of inequalities was included in [18] . The contribution 
here is some improvement, not only on the isoperimetric constant but also on 
the factor of the upper and lower bounds. The second addition is for the case 
where the functions have mean zero, which is motivated from a probabilistic 
consideration and is not included in the books cited above. These two cases 
are studied in the next two sections separately. The main result in each case 
is stated as a theorem (Theorems 11.61 and I2.6p . Their extensions to more 
general setup are presented as Theorems 11.111 and 12.91 As applications of the 
results or ideas developed in the first two section, in the third section, we 
study the Nash inequality, the Sobolev-type inequality, and the logarithmic 
Sobolev inequality. The paper can be regarded as an extension of the L 2 -case 
studied in PE]. 
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1 The case of vanishing boundaries. 

Consider an interval [— M, N] with M, N ^ oo. Certainly, here [— M, N] means 
[—M,N) if N = oo. This costs no confusion. In this section, we study the 
case that the functions vanish at two endpoints of the interval. That is the 
Hardy- type inequality: 



|/|«d/x <A[ / \f\Pdu) , /(-M) = 0and/(AO = 0, (1) 



where f(N) = for instance means that lim^^oo f(x) = if N = oo. Through- 
out the paper, all of the functions involved in the Hardy-type inequalities are 
assumed to be absolutely continuous without mentioned time by time in what 
follows. In the special case that p = q = 2, the results in this and the next sec- 
tions are proved in [(HE]) using much advanced methods. The present study is 
motivated from seeking for more direct proofs for the results. At the moment, 
it is unclear how the capacitary technique used in [BJ [7] can be applied in the 
present general setup. It may be helpful to the reader by studying the problem 
step by step to show how to find out the main result. The study consists of 
five steps. At each step, we have either a proposition or a lemma. If one is in 
hurry, who may jump from here to the main results, Theorems 11.111 and 12.91 
Our first step is using the splitting technique (which we have used several 
times before, cf. [8], P Theorems 3.3 and 3.4], and (5j). To do so, fix 9 € 
(— M, N) and denote by and A7, respectively, the optimal constant in the 
following inequalities. 



Clearly, these inequalities are different from ([TJ since only one-side boundary 
condition is endowed. Here and in what follows the superscript "— " means on 
the left-hand side of 9 and "+" means on the right-hand side of 9. 

The next result shows that we can describe the optimal constant A in ([1]) 
in terms of A^ which are the optimal constants on half-spaces with different 
boundary conditions. 

Proposition 1.1 For 1 ^ p ^ q < oo, we have 



where Aj^ = and A_ AI = by convention, a A /3 = min{a, /3}, and a V fi = 
max{a, j3}. 
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Proof, (a) For each fixed 6 G [-M, N] and / with /(— M) = and f(N) = 0, 
by the inequalities on the half-spaces, we have 



|/?(U/ = / |/?d^ + / \f\Pdu 
-m J-m Je 

/ fd \p/q / f -N 

( A or p (j_ M \f\ q ^) + ^y\l i/i^ 

(by c r -inequality) . 
Since / is arbitrary, we have 



at \ p/q 



\ p/<r 



^p ^ 2 ( p /' ? " 1 ) v0 
Now, since 6* is arbitrary, we obtain 



A ^ 2 (i/ 9 -i/p)vo inf (A-VA+). 

This conclusion holds for general p,q G [1, oo). 

(b) Again, fix 6. Suppose for a moment that we can construct two abso- 
lutely continuous functions /_ and /+ having the following properties: f-(—M) 
= 0, /i(0) = O, /_(#)> 0, 

f |/_|«d/i = 1, and f /" |/i| p d^ ^ < + e; 

J-M \J-M J 

f + {N) = O,f' + {9) = O,f + (0)>O, 

fN / pN \ 1/p 

^ IZ+I'd/i = 1, and ^ ^ l/^di/J < + e. 

Set / = c/_l [ _ M)(?] + f+t {e ,N], where c = Then 

|c/_|«d M + / \U\ q dv= / l/I'd/i, 
-M Je J-m 

i/rd«/=ic|M \a p dv+ \f' + \'dv 

-m J-m Je 

< i c r((^) _1 + e ) P +((^) _1 + £ ) P 



l + |c| 9 
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Hence 

-TV \ 1/p 



(rJM \ VP , N 

J m \f'\ p duj < (C^)- 1 V + e) (1 + Ic^Vp 

< 2 1 /f- 1 /"((A-)- 1 V +e)(l + lei 5 ) 1 / 9 



(by Jensen's inequality requiring q ^ p) 



M 



Thus, whenever q ^ p, we have 

Therefore, we obtain 

A > 2 1 / g - 1 / p sup (ijAi}), 1 < p ^ q < oo. 
0e[-M,N] 

Combining this with (a), we arrive at the conclusion of the proposition. 

(c) To complete the proof, it remains to construct the functions /_ and /+ 
used in (b). For this, we need consider /_ only by symmetry. The problem is 
the condition at 9: f'_(9) = and f-(0) > 0. The proof given below is modified 
from [9j Proof (ii) of Theorem 1.1]. If necessary, by modifying /_ properly on a 
sufficiently small neighborhood of 9, we can assume that fL(9) = 0. The main 
point here is to modify /_ so that we also have /_ (9) ^ 0. Otherwise, suppose 
that f-(6) = 0. Since /_ is absolutely continuous, /_(— M) = and f-(9) = 0, 
there exists x\ G (—M,9) such that |/_(a?i)| = sup xe /_ M ^\\f-(x)\. Then 
f-(x\) 7^ (otherwise, / = which contradicts with the norm 1 assumption). 
Let /_ = f-t\-M,xi) + f—( x i)^-[xi,S\' Then /_ is absolutely continuous, 



'-AT J-M 

\ 1 /P / rO \ 1/p 

|/W <(/ \fL\ P d,) <(A e y 1 +e. 

-M J \J-M J 

Set /_ = c/_. Now it follows that 

/_(-M) = 0, fL(9) = 0, f-(9)^0, f |/-| 9 d M = l, 

J-M 



and 



i/p i / r e \ x l v 

f'Jdv) = 1 -( \f'_\ p du) <K-)- 1 +,. 



-M J c \ J-M 

Hence, we can replace /_ by /_ when f-(9) = 0. □ 
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Having Proposition 11,11 at hand, it is ready to write down some estimates 
of the optimal constant A in ([1]), as we did in [3 [5], in terms of given 
below (cf. |18( Theorem 6.2] and |16t §1.3, Theorem 3] in which the factor kg }P 
may be different): 



1 < p ^ q < oo, 



B- 



= sup /4M 1Az 

r£(e,N) 

sup ^[r,9] 1 ' q 
re(-M, 6) 



dx 

-V(p-i) 



dx 

dz/ 
.w \ dx 



(p-i)/p 



dx 



(p-i)/ P 



(2) 
(3) 

(4) 



where v* is the absolutely continuous part of v and /c 9jP is a universal constant 
will be used often in this paper: 



k. 



q,p 



1 + 



p' 



1 + 



l/ P > 



(5) 



where p' is the conjugate number of p and similarly for q'. On the halfdine 
when q > p, the constant is improved as follows: 



\q—p/ \ q—p I 



1/p-l/q 



q-p 



PQ^Kq—pi <i—<> 



1/p-l/q 



q> p, 



where T(x) and B{x,y) = T(x)T(y)/T(x + y) are Gamma and Beta functions, 
respectively (cf. [21 Theorem 8], |T3l Theorem 2], and also [HI pages 45-47] 
for historical remarks). According to Lebesgue's decomposition theorem, each 
measure v can be decomposed into three parts: 

u = v* + u siag + f pp , 

where f s i ng is the singular continuous part and v pp is the pure point part (a 
discrete measure). 

We are now going to present some more explicit estimates. To do so, we 
need the following simple result. 



Lemma 1.2 For a given Borel measure /i and positive functions ip and t/j on 
[-M,N], we have 



sup 



sup 



/j,[x,9] 

sup 

x^e <p[x) 



A 



MM 

sup— 7 — 



Proof. For fixed x ^ y and (x, y) 3 9, we have by proportional property that 



n[x, y] 



/i[x, 9} + /i(0, y] > fi[x,9] ^ //(0, y] 



<p{x) 



V'(y) 
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and furthermore 



MM 



^ sup 



H[x,0] MM] 



4>{y) 



Thus, 



sup 



MM 



^ sup sup 



%u <p[x) + if>{y) x^yee[x, y ] I <P{x) 

= sup sup { • • • } 

6 [x,y]39 



fi[x,9] ^ MM] 



i>{y) 



sup 



/J, [X, b 

sup— -- 

x^e fix) 



A 



MM 

sup— 7 - r 



as required. □ 



It is remarkable that we do not have an expected dual result of the above 
lemma. At beginning, we do have the dual 



< + MM] < y M#> y] 



<p(x) + V>(y) " ¥>(a?) + ^(y) 



Hence 



MM 

SUp — r^r rrr 



// [x,9] 
sup — -— 



tp(x) v ^(y) 
MM] 



V 



sup 



and furthermore 



inf sup 



MM 



< inf 



sup — i—- 



V 



y >e ^(y) 

MM] 



sup- 

y>e V>(y) 



Clearly, this is somehow a dual of Lemma 11.21 but it is still a distance to what 
we expect: 



MM 
sup^ , 

x^y <P{X) + 1p{y) 



< inf 



H[x,V\ 
sup — 1 —- 

x^B <P{X) 



V 



MM 

SUP . r 



Alternatively, let # satisfy 



m s i ^ MM 

sup — -— = sup ■ 

^ a y>6 V{y) 



Then we have 



sup 



MM 



^ sup 



MM 



<p(x) + V'(y) x <e f( x ) 
Very often, the right-hand side coincides with 



sup — rT - 



V 



MM 

SUP , r 



(6) 



inf 



// x, 9} 
sup — rT - 



V 



MM 

SUP , r 

y >e y{y) 
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but one can not remove 8 from the left-hand side and keep the inequality. 

Throughout this paper, we mainly restrict ourselves to the case that 1 < 
p ^ q < co. The limit case that either p = 1 or q = co are easier and so are 
omitted here. For simplicity, throughout this paper, we set 

/di/*\~ 1/(p-1) 

h(x) = , u(dx) = h(x)dx. 

\ dx ) 

Clearly, h and v depend on p > 1. The measure v comes, but different, from 
v. In what follows, almost every estimate is expressed by using the pair u) 
but not (fj,, u). Besides, we may assume that 

f N f N / dis*\~ 1 / ( - p ~ 1 ^ 

u(-M,N):= h= ) dx<co. (7) 

J-M J-M \dx J 

This technical assumption can often be avoided by replacing dv*/dx with 
dv* /dx + e exp [(p — l)x 2 ] and then passing to the limit as e 1 0. Alternatively, 
one may start at M, N < co, replace d^*/dx with dz^*/dx + e. Then pass to 
the limit as e J, 0, and then as M, N — > co if necessary. In parallel, without 
loss of generality, we can also assume that fi is positive on each subinterval. 
Next, define a constant B* by 

(B* q )~ 1 = inf Ivl-M^Y 5 ^ +v[y,N]~ i ^]fi[x,yY l . (8) 

Let us now discuss the boundary condition in the definition of B* above (or 
.B* below), when M = co, here x = —M means that x — > — co: 



-, / r g(p-i) g(p-i) 

lim fi[x,y] ,q v\— M, x] p +u[y,N] p 

:— > — OO L 



-1/9 



= lim /u[x,y] /<? i>[— M, x] 

x—t—oo 

which is the type co • of limit provided //[-co, y] = co. Otherwise, the limit 
is zero and so the boundary — M can be ignored in computing B* . When 
M = co = N, we need to compute the iterated limit only. To which, the main 
reason is that the optimal constant A is increasing as either N f or —M J,- 
Hence, the general case can be regarded as the limit of finite M and N. In 
other words, we do not need to consider the other types of double limits as 
M,N ->■ co. 

Here is our upper estimate. 



Lemma 1.3 Let /i pp = 0. Then for 1 < p ^ q < co, we have A ^ k q ^ p B* 
where 5* is defined by ([8]). 
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Proof. As mentioned above, without loss of generality, we can assume ([7]). 
Rewrite B* q as 



B 



*q 



sup — 



o^y u[-M, x]-^- 1 )/? + u[y, N]-^- 1 )/? ' 
As an application of Lemma 11.21 we have 



B* q > sup 



3i>[-M,rc]-9(p- 1 )/f 



A 



S y^6 C'[y,N]~i(P~ i yP 



SU P [Bq a b^Y ■ 



Here in the last step, we have used the condition /i pp = 0. Since we can 
represent 

fJ-smg[x,0] = /U s i ng [~M,9] - /U sing [-M, x) 

(the last term is continuous in x) and n PP = 0, it follows that the function 
l^[x,9] is continuous in x and 9. By choosing 9 such that B^ = B^ , it follows 
that B^ ^ B* (just proved) and furthermore 

A < ^ inf V A+) (by Proposition [□} 

^ kq tP Bg (by definition of 9) 



Note that the parameter is used temporary in the proof above. Thus, 
the splitting procedure is a bridge to go to the upper estimate but our final 
result does not depend on the splitting points. The simple technique used in 
proving the upper estimate above is in common, and will be used several times 
later (Lemma 12.31 and Theorem 13. 2p . 

Before moving further, let us discuss the technical assumption that fi pp = 
0. In the study of B^ for half-spaces, one first handles with the case that /u <C 
dx and v <C dx and then removes this restriction by the following technique. 
Without loss of generality, assume that M,N < oo. Besides, we may also 
assume that /' ^ in the study of the upper estimate. The idea is to use an 
approximating procedure (cf. |17| or |16t page 45]). Note that 

/ pN \ l/q / pN \ l/q 

( J m /*d/ij = J m fi[x, N] df(x)«\ . 

Now, we can approximate fi[x,N] by a sequence of absolutely continuous, 
decreasing functions {g n } having the property: g n ^ /•*["> -^1 for every n; as 
n — > oo, g n (x) converges to fj,[x, N] for almost all x. Thus, we can first replace 
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fj,[x,N] by absolutely continuous g n and then pass to the limit as n — > oo. 
Actually, now fJ,[-,N] consists of three parts: the absolutely continuous part, 
the singular continuous one plus a step function. Each of them is decreasing. 
There is nothing to do about the absolutely continuous part. The singular 
decreasing continuous function can be approximated from below by decreasing 
step functions. Furthermore, each of the step functions can be approximated 
from below almost everywhere by absolutely continuous decreasing functions. 
The new difficulty arises: even though we have the control g n ( x ) ^ l^i^yN] 
for all x, but we still do not know how to construct a sequence {g n } as above 
having the control (0 ^) g n (%) — 9n(y) ^ iA x iV\ f° r every pair {x,y} with 
x < y and each n. 

For the lower bound of A, the dual proof of Lemma 11.21 does not work 
well as remarked below Lemma 11.21 More precisely, what we can obtain by 
Proposition 11.11 and (jSJ) is as follows. 



A ^ 2 i/ q ~i/ P gup J ^[x^] 1 ' 9 u[—M,x] p +u[y,N] —p~ \, (9) 

where 9 is the solution of the equation Bq = Bq '. The result is less satisfac- 
tory since 9 (unknown explicitly) is included. Fortunately, there is a direct 
technique (cf. [6] Proof (b) of Theorem 8.2]) to handle with the lower estimate. 

Lemma 1.4 For 1 < p, q < oo, we have 

A> sup {»[x,y] 1 /*(v[-M,x] 1 - p + i>[y,N] 1 -pY 1/P \ =: B*. 

-M^x^y^N L V ' ) 

Proof. Given m', m, 9, n, n' S [-M, N] with m'<m<9<n<n', define 
f(x) = <yl {m ,^ e} i){m', x A m] + t {e<x ^u[x V n, n] 

where 7 = v{n,n']/v\m! ,m]. Clearly, / is absolutely continuous. We have 

rN \ l/g / rn' \ l/g / rn \ l/g 

J_ M \f\ 9d V) =(J ; m%uj >U \f\ q dp) =v[m,n] 1/Q vln,n'] 

and 

rN \ 1/p / i-m rn' \ 1/p 

7 P / h p du+ / hPdu 



= (y p u[m', m] + u[n, n']) 1 ^. 

Here in the last step, we have ignored the singular part of v since the original 
inequality is equivalent to the one having v = v* . To see this, simply set 
/' = on the singular part of v. Thus, the optimal constant A satisfies 

A ^ (/x[m, n] 1 / 9 u[n, n']) (j p u[m', m] + u[n, n']) '. 
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But 

(y p i>[m', m] + u[n, n'])u[n, n'}~ p 

= {^[n, n'] p v[m! , m}~ p u[m', m] + u[n, n']} i>[n, n']~ p 

= u[m', m] 1 ^ p + v[n, n'] 1_p , 

it follows that 

A > /i[m,r ! ] 1 / 9 (()[m',m] 1 - p + i)[n ) n'] 1 - p )" 1/p , 

Let m! \. —M, n' ~\~ N and then make supremum with respect to m = x ^ y = 
n. We get the required assertion. □ 

On the comparison of B* and B*, it is obvious that B* = B* if p = q. In 
general, we have the following result. 

Lemma 1.5 Let q ^ p. Then we have < B* < 2 1 > p - 1 / q B i ,. 

Proof. Simply apply the c r -inequality: 

(a + /3) r ^2( r - 1 ) v0 (a r + /3 r ). 

(a) Set 

g(i-p) g(i-p) n 

a = u[-M,x] p , P = i>[y,N] p , r = ^ € (0, 1]. 
It follows that 

(a + /3) 1/g < (a p /' ? + /3 p /' ? ) 1/p , 

and then 5* ^5*. 

(b) Set 

a = v[—M, x] l ~ p , p = v[y,N] 1 -P, r = - > 1. 

P 

We have 

(a + /^/p < 2 l l p - 1 ' q (a q,p + 

and then B* ^ 2 1 / q ~ 1 / p B* . Certainly, in this case the assertion can also be 
deduced by Jensen's inequality. □ 

We mention that even though their supremums are equivalent but in the 
proofs of Lemmas II. 31 and II .41 the expressions of B* and B* are not exchange- 
able, because B* does not own the homogeneous of that of B*. 

We are now ready to state our first main result. 
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Theorem 1.6 The optimal constant A in the Hardy-type inequality ([TJ satisfies 

(1) A ^ k QiP B* for 1 < p ^ q < oo once /x pp = 0, where fc 9iP is defined by 
©, and 

(2) A ^ 5* for 1 < p, q < oo, where 

£*= sup {^[x^l^^I-A^^^-^ + z)^,^]^ 1 -^) -179 ), 

-M^x^y^N I ^ ' J 

5*= sup {ii[x,y] 1 l«(v[-M,x] 1 -P + v[y,N] 1 -vY 1/P X. 

-M^x^y^N L V y J 

Moreover, we have B* ^ B* ^ 2 1 / p - 1 ^B^ when q ^ p. 

Proof. The conclusions are combination of Lemmas ll.3Hl.5t □ 

It is interesting to have a look at the factor k qiP in Theorem 11.61 When 
p = q, the factor becomes 

(9-l)/9 



- 1 

On (l,oo), it is unimodal having maximum 2 at q = 2 and decreases to 1 as 
q — > 1 or oo. More generally, the rough ratio of the upper and lower bounds 
is no more than 

1/9/ j\vv 

2 ,/ P -v, 

which is again ^ 2 (for every q ^ p), having equality sign iff p = q = 2. 

The study on the inequality ([TJ was began by P. Gurka in an unpublished 
paper using a common constant 

B = sup \n[x, y] I (z>[-M, x] 1 ^ V %, iV] 1 ^) ~* ) 

-M^x^y^N L v 7 J 

= sup {/i[sc,y]« (z>[-M,x]V A %, AT] V]l 

-M^x^y^N v ' ' 7 J 

and having a universal factor 8. This B is closely related to B*: replacing 
"+" with "V", we obtain B from B*. Gurka's result was then improved in 
[181 Theorem 8.2] with a smaller factor (unexplicit one ~ 4.71 and explicit one 
= 2\/6 in the case of p = q = 2). Note that using the inequalities 

aV^a + ^2(aV/5), 

from Theorem ll.61 it follows that we have lower and upper bounds replacing B* 
and B* by the same B with an additional factor 2~ l / p for the lower estimate. 
Then the factor becomes 2^/2 in the case of p = q = 2. Replacing a V (3 with 
a + (3 is an essential difference of the present paper from the previous ones 
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in the bilateral situation. Besides, the inequality ([T]) was also proved in [T8| 
Theorem 8.8] with a common constant 



B= inf 



having a factor 



sup 9} i i>[— M, x] p y sup fi[9,y]i u[y, N] p 



ai K)*K)* 

which has an additional factor is 2 1 / p than (0). The last result is related to 
our splitting technique. All of these results use the assumption that /i < dx 
and v <C dx. 

Before moving further, we want to describe -B* and .£>* more carefully. It 
also leads some quantities which are easier in practical computations. For this, 
we need some preparation. Assume that ([7|) holds. For each x £ (— M, N), let 
y(x) be the unique solution of the equation 

v[-M,x]=v[y,N]. 

Next, let m{v) be a solution to the equation 

y(x) = x, x G (— M, N). 

Thus, m(J>) is actually the median of the measure i> (but not v): 

u[-M,m] = v[m,N]. 

Set 

H^(x, y) = M [x, y] 1 ^ [i>[-M, x] 1 ^ + %, N] 1 ^] 

— M^x^y^N. 

Define 

H° = 2-^ p sup ^[x,y(x)] 1/9 i>[-M,x] (p - 1)/p . (10) 
xe(-Af,m(£>)] 

Denote by T be the limiting points of H^ v {x, y) as fi[y, N] = oo or M , x] = 
oo, as well as the iterated limits if ji[—M, N] = oo when M = oo = N. Set 

Rd = fsup{ 7 : 7 G T} ifT/0 

[o if r = 0. 

Clearly, # 9 = if M, A r < oo. 

We are now ready to describe 5* and -B* in terms of and H 9 ' . 

Lemma 1.7 Let fl7|) hold. Then we have 

H°V H 9 (2 1 / p H°) V H 9 . 
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Proof. Rewrite H as 

under ([7]), because for finite x and y with x ^ y, we have 



t>[-M, xp-P + ^iV] 1 -? 



i>[-M,x]%,iV] 



(1-p)/2 



and the equality sign holds iff £[— M, x] = z>[y, iV] which gives us the solution 
y{x). Thus, we obtain 

, nfi >[-M,x]-PH-%,iV|-P <2 mf j>[-M.^-' | (12) 
^[x,yJP/« x^m(u) fj,[x, y(x)\P/i 

since {(x, y(x)) : x ^ m(z>)} C {(x, y) : x,y £ (— M, iV)}. This gives us a lower 
bound of the supremum of H /X)U (x, y) over theset{(x,y) : x < y, /i[x,y] < oo}. 
Next, we have 



inf 



u[-M, x} 1 ^ + u[y,N] l -P 



inf 



+ 



> inf 



i^y i n[x,y]P/v * /i[x,y]P/« 



Without loss of generality, assume that M,N < oo. Because of the continuity 
of the involved functions, the minimum £ can be achieved at some pair (xo, yo). 
We now prove that (xo,yo) should be located at the surface where the two 
terms in the last {• • • } are equal. Otherwise, without loss of generality, assume 
that 

e := /4x , y ]- p/q u[-M, xq] 1 ^ - »[x , y ]- p/<1 %o, N] 1 ^ > 0. 

Let y > yo be sufficiently close to yo- Then we have 

f i[x ,yrP^i)[-M,xo} 1 - p < ii[xo,yor Plq ^[-M,xo\ l - p 

(here we have used the preassumption that [x is positive on each subinterval) 
and 

/^o, y]~ p/q y[y, n} 1 ^ < n[x ,yo]- p/q %o, Af " p + s/2, 

due to the continuity of the involved functions. We have thus obtained a pair 
(xo, y) with xo < y such that 

{ [Mxo,r w ^[-M,x ] i - ! '] v [^[xo,y]- p / q mm l - p ] } < e 
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This is a contradiction to the minimum property of £. Therefore, we obtain 
inf n\x,y}~ r} / q u[-M,x\ 1 - p + u[y,N] 1 - p > inf ' J . (13) 



From this, we obtain a upper bound of the supremum of H^ jU (x,y) over the 
set {(x,y) : x < y, fj,[x,y] < oo} in terms of H° up to a factor 2 _1 / p . In other 
words, we have worked out the case that the supremum is achieved inside of 
the interval. In general, it may be achieved at the oo-boundaries (at which 
n[y,N] = oo or fi[—M,x] = oo). This leads to the boundary condition H d , 
when one of M and N is infinite. Combining these two parts together, we get 
the estimates of under (jJJ). □ 

An easier way to understand what was going on in the last proof is look at 
the following simple example. Consider functions f(x) = 2x and g(x) = 3 — x 
on [0, 2]. They intersects uniquely at the point x* = 1. Then we have 



2^/f(x*)g(x*) = 4 > inf (f(x)+g(x))=3> inf [f(x)Vg(x)]=f(x*) = 2. 

xe[0,2] £6 [0,2] 

If we rewrite the first term as 2inf a . e r 0i 2] (/(#) Vg(x)), then it becomes obvious 
that the middle term can be bounded by the first and the last ones. Certainly, 
the bounds are usually not sharp. 



Lemma 1.8 Let (J7D hold. Then we have 

[2 l / p - 1 ' q H°) Vff 9 a^ (2 1 / p H°) V H a . 

Proof. Note that the difference of B* and B* is only the summation terms. 
If one of the terms in the sum is ignored, then the remaining terms coincide 
with each other. Thus, the boundary condition H 9 is the same for B* and 
B*. When M,N < oo, the proof of the comparison of B* with H° is similar 
to the last one. □ 

We remark that in the degenerated case that ([7]) does not hold, say i>[y, N] 
= oo, then we have obviously that B* = B* . 

As a combination of the last two lemmas, we obtain the following simple 
criterion. 



Corollary 1.9 The Hardy-type inequality (JT]) holds iff H° V H" < oo. 

Proof. When ([7]) holds, the assertion follows from the last two lemmas. Note 
that if v[y,N] = oo for instance, we have B* = B* and so the assertion is 
described by H® only. □ 

We now extend Theorem 11.61 to a more general setup which is mainly used 
in interpolation of L p -spaces. For this, we need a class of normed linear spaces 
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(B, || • ||b, /i) consisting of real Borel measurable functions on a measurable 
space (X, 3£ , \i) . We now modify the hypotheses on the normed linear spaces 
given in Chapter 7] as follows. 

Hypotheses 1.10 (HI) In the case that /x(A) = oo, 1^ G 1 for all compact 

K. Otherwise, lei 
(H2) If h e B and |/| h, then / el. 
(H3) ||/|| B = sup g€ % J x \f\gdfj,, 

where to be specified case by case, is a class of nonnegative ^-measurable 
functions. A typical example is <S = {1} and then B = In what follows, 

the measure space (X, S£ , \x) is fixed to be ([-M, N], &([-M, N\), /i) . We 
often use the dual representation of the norm 



(pN \ l/r pN 

/ \f\ r dfi) = sup / \f\gdfJL, 

J~ M ■' ge The unit ball in if (//) J ~ M 



where r' is the conjugate number of r 1). Throughout this paper, we assume 
(H1)-(H3) for (B, || • ||b, //) without mentioned again. 

For simplicity, we write the L p -norm with respect to fj, as || • |Lp. If 
necessary, we also write || • || a j g ; ^ to indicate the interval [a, 0\. 

Theorem 1.11 Let ^ satisfy Hypotheses 11.101 and consider the Hardy-type 
inequality 

< Mlf'lkp, /(-AO = and /(AT) = 0. 

(1) Then the optimal constant Ab satisfies 

Ab ^ kq,p -E>b for 1 < p ^ q < oo once fi pp = 0, and 

(2) Ab ^ -Bb* for 1 < p, q < oo, where 



= sup ^ ![»,„] | j>[-M,x] p + %,JV] p 
£ B * = sup {lIl^Hl^l-M,^ 1 ^ + z>[y,iV] 1 -p) _ H. 

Moreover, we have £?b* sC s$ 2 1 / p ~ 1 / i? .Bb* whenever q ^ p. 

Proof. Let g £ Without loss of generality, assume that g > 0. For the 
pair [ig := 5// and is, by Theorem II .61 we know that the corresponding optimal 



constant A g in ([I]) satisfies 



Bg* Sj Ay Si fcg p Bg , 
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where 

q(i-p) q(i-p) N — 



B *= sup \n g [x,y\i[P[-M,x] p + v[y,N] p 

-M^x^y^N I v 

B g *= sup \^ g [x,y}\U[-M,x\ l -v + v[y,N\ l -vY~ p X. 

-M^x^y^N L v ' J 



Hence 



supi? 9 * = supsupL 9 [x,y] 1 /' ? (z)[-Af,x] 1 - p + I >[y,iV] 1 - p ) VP 

gGSf x^y 3 I V 7 

= sup | ( sup f, g [x, y]) 1/9 (i>[-M, x] 1 ^ + u[y, N} 1 '^ 
t [x J\ 1 J\i>[-M,x} 1 -P + i)[y,N} 1 -Py 1/P 



= sup 

x^y 

= -Bb*- 

Similarly, we have sup ff€ g? B* = B^. From these facts, we obtain the estimates 
of = sup 9g c^ A g immediately. The last assertion then follows from Lemma 
11.51 (or its proof). □ 

As an application of Theorem 11.111 it follows that the optimal constant 
j4b in the inequality 

ll/li /P < ^bII/'IU f(-M) = and f(N) = 

satisfies 

Bb* < A M sC kp t pB v *, (14) 

where 

Bm*= sup {lIl^lll^I-M^l^ + ^^iV] 1 -^"^ 

-Msixsiys^N L v 7 

Clearly, this result is simpler than Theorem 11.111 Now, applying this result 
to B = £9/(9-l0 (q > p, where q/(q — p) is the conjugate number of q/p), we 
return to Theorem 11.61 with a factor k PtP different from kq tP . In other words, 
we have arrived at a conclusion that the optimal constant A in the Hardy-type 
inequality dH) (with q ^ p) satisfies 

Bif. ^ A ^ kppB^i (f^) 

where B* is the same as in Theorem ll.61 However, as we will see from Example 
11.131 below that this result (|15p may be less sharp than Theorem 11.61 Thus, 
lifting the left-hand side of the Hardy- type inequality from L p (fj,) to B does 
keep the constant k pp but can not improve it. We have thus explained the 
reason why on the left-hand side of the first inequality in Theorem 11.111 we 
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use q but not p. In the discrete context and p = 2, the conclusion (I14D was 
presented by [H Theorem 8.2]. 

In view of the direct proof for the lower estimate of A, the restriction 
A*pp = coming from our splitting technique seems unnecessary. As just 
mentioned, the conclusion (114p was proved in the discrete situation when p = 2 
by [6j Theorem 8.2]. Its proof should be meaningful in the present continuous 
case (cf. [5] Proof of Corollary 7.6], simply replacing the function e c ( x ' there 
by the one h(x) here). Hence for (|14p in the case of p = 2, the condition 
fJ-pp = is again not needed. Thus, one may remove this condition by the 
capacitary method first for q = p, if possible, and then extend to general 
normed linear space B as shown above. The present proof depends heavily on 
the splitting property as shown by the first step of the proof of Lemma 11.31 
and the comments below Lemma 11.31 This is one of the reasons why the case 
of q < p is missed here. Actually, the last case is a rather different story, refer 
to [T5J Theorem 8.17] or pH pages 50-51]. 

To illustrate the application of Theorem 11.61 we study two examples. 



Example 1.12 Let (-M, N) = (0, 1) and d/i = dv = dx. Then H 9 = and 



B =H o _ 1 ( V \ q f (P ~ 1) 



p 



2\p- q + pqj \p- q + pq 
B* = 2 l l p - l ' q H°, Kp^q<oo. 

When p = q = 2, it is known that A = tt^ 1 and B* = = 1/4 (cf. (TJ Example 
5.2]). 

Proof. We have h = 1, y(x) = 1 — x, and m{u) = 1/2. The function 

_i i p-i _i i p-i 

H fiu (x,y(x)) = 2 p[i[x, y(x)] i z>[0, x] p =2 p(l — 2x)ix p 

achieves its maximum at 

iA v Y 1 i 

x = - 1 + - — — < -. 
2 V (P-W 2 

From this, we obtain H°. Next, note that 

(l-(l-y)-x) 1 /" 

* sSyixi-p + ii-yy-py/p' 

d* (^(l-y)-^) 1 ^ 
-D = sup ■ 



^ (aflV-PVP + (1 - y)9(l-P)/P)V9 ' 



Both of them are symmetric in x and 1 — y. Hence B* = H° and furthermore 
B* = 2 l l' p - 1 l q H°. □ 

The next example illustrates the role played by H®. 
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Example 1.13 Let fj,(dx) = dx and v(dx) = x 2 dx on (l,oo). Assume that 
p G (1,3). Then the inequality does not hold if q G [p,p/{3 — p)). Otherwise, 
the inequality holds with 



B* = B* 



p — 1 \ p 

Y^p 



if q 



P 



3 — p 



and B* are bounded in terms of H° if q > 



and p G [2,3); 
and q ^ p, 



3-p 



where 

F° = 2~p 



p-i 

j / p — 1 \ p 



3-p 



sup 



1 — xp- 1 I — X 



P-3 



1 — IP- 



p-1 



When p = q = 2, we have B* = B* = 1. In this case, A = 2 and so the upper 
estimate 25* in Theorem 11.61 is exact (cf. [7J Example 5.4]). For fixed p = 2, 
when g varies from 2.01 to 4.8, the five quantities we have worked so far are 
shown in Figure 1. The ratio of the upper and lower bounds is decreasing in q 
but no more than 2. Note that we have a common lower bound B* in Theorem 
11.61 and f II 5 [) . but the upper bound in Theorem 11.61 is better than that in fll5[) . 



1.6 



1.4 



1.2 




2.0 2.5 3.0 3.5 4.0 4.5 

Figure 1 The curves from bottom to top are H° , B*, B* , k q . p B*, and 

k PtP B* respectively. 



Proof. We have h(x) = ar 2 /^- 1 ). Then 
p — 1 



h 



P 



P-3 
1 — IP- 1 



p — 1 £=2 

h = yp-i. 

y 3-p 
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where and in what follows, the Lebesgue measure dz is omitted. Hence 



v— 1 

( p-3 \ 3-p 
1 — xp- 1 ) , m(i>) = 2p- 1 , 



In particular, 



p — 1 
3^p" 



(y-x) 



p-3 \ 1-P 



^1 — X^ij 



3-P 



1 _ 3 



lim H ll Jx,y)= lim 



y^oo 



y^oo y3 — p 



p — 1\ p 1+1-2 

y q p 



-A v if i + 

-py hp 

if 1 + i > 2 

9 P 

if 1 + i < 5. 

9 P 



The right-hand side is our . Thus, if 1 + ± > ^, then 1?* = oo. Next, we 
have 



l / jD — 1 \ v 
H^(x,y(x)) = 2-p! 1 



3 — p 



P-3 

1 — xp- 1 



P~ 1 "1 — ^ P - 1 

I — x II — xp- 1 I 



Then 



H° = 2 p 



p — 1 \ p 



sup 



3 p ^ xe(i,2(s-p)/(p- 1 )] - 



II — XP- 1 j —X II — X?- 1 I 



The point here is that H° < H a and 2 1 / p #° < H 9 in the case of q = p/(3-p) 
and p ^ 2. Besides, we have 



5* = 



1 \ f 

f— - ) " sup 

O — pJ x<y 



p-i 
p — 1 \ P 



P-3 \ 1-P 



3 — p 



sup < (y — x 



g(i-p) 



3-P 



q(3-p) 



Finally, numerical computation gives us the quantities B* et al, as shown in 
Figure 1. □ 



2 The case of mean zero. 

Throughout this section, we assume that //[— M, N] < oo and define a proba- 
bility measure ir = M, iV]) -1 //. In probabilistic language, we are going to 
study the ergodic case of the corresponding processes. Corresponding to the 
three inequalities given at the beginning of the last section, we now study the 
inequality 

/ fN \ 1/9 / rN \ 1/p 

(j M \f-*u)\ q dn) ^(jj/r^j , (i6) 
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where ir(f) = J fdir, in terms of 



N \l/q / pN \ 1/p 

e \ 1/9 / p0 \ i/p 

M i/i 9 dMj i/rdi/j , =0. 

To save our notation, without any confusion, we use the same notation A, A^ 
and so on as in the last section. 

Before moving further, let us mention the spectral meaning of (H|) and (|16j) . 
Suppose that /i < ds and v <C dx, denote by u = dfi/dx and v = dv/dx. 
Then the inverse of the optimal constant A in (PQ) and (|16j) . when q = p, 
corresponds to the infimum A 1//p of the nontrivial spectrum of 

( W |rr 1 sgn(/'))' = -An|/r- 1 sgn(/) 

with boundary condition f(-M) = = f(N) and f'(-M) = = f'(N) (when 
M, N < 00), respectively. The word "bilateral" in the title means that a same 
boundary condition is endowed at two endpoints of the interval. The spectral 
point of view has played a crucial role in our previous study. For instance, it 
appears in each of the papers [3] - [9]. 

To study (fT6|) . we start again at the splitting technique. We begin with 
the easier case: the lower estimate. It is indeed easier than the one studied in 
the last section. 



Lemma 2.1 Let 1 ^ p ^ q < 00. Then we have 



A ^ 2 l / q - 1 / p sup (Ag A A+) . 

de[-M,N] 



Proof. Fix 6 G [-M,N\. Let /_ satisfy f-\[o,N] = 0, 

f |/_|*d/i = 1, and ( f \f'_\ p dv\ ^ < {A e y l +e. 

J-M \J-M J 

Let /+ satisfy f+\[- M ,e] = °> 

pN f pN \ 1/p 

^ l/+rd/x = l, and [J 9 l/+r d ^J 



Set / = c/_ + /+, where c = -7r(/ + )M/_). Then vr(/) = 0, 

/■e /-AT /-AT 

l + |<f = / |c/_|M/i+ / |/+|«d M = / |/|'- 
J —M Je J-m 



d/i, 
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and 



N 



M 



\f'\ p dv 



M 



N 



\f' + \ P dv 



Hence 



( f M |/rd^ VP < ((A,)- 1 V {A+y 1 + e )(l + |cP)Vp 

< 2 i/p-i/^( A -)-i v + £ )(i + \c\ofh 

(by Jensen's inequality requiring q ^ p) 

= 2^ ((A,)- 1 V (At)' 1 + s) ( J_ m \f\'dtj 



Thus 

A ^ 2 1 ' q ~ l l p (A e AA+). 

Since 9 is arbitrary, we obtain the lower bound of A. □ 

The upper bound of A is harder than the lower one just studied. But the 
first step is still easy. Given / and £ (-M, N), let / = / - f(6). Then 



A? 



M 



el\P 



> ( A e) 



M 

-\-P 



N 



\f'\ P *>+L \f'\ P *> 
\p/q 



M 



d H + (At) 



\\-p 
\ p/i 



N 



|/|% + 

M / 

N 



dfj, 

N 



pli 



|/|% 

\ P/9 



^ (2 (p/,-i)vo } -i[ K - r P A (/_J/|%) 
(by c r -inequality). 

Our aim is to replace I/] 9 on the right-hand side with \f — 7r(f )\ q . This is true 
in the case of q = 2 since 

rN rN 

inf / (/-c) 2 d^= / (/-vr(/))V 
cmj-M J-M 



Unfortunately, it does not work for general q. Anyhow, when q = 2, we have 

rN 
J-M 



\f\ p du & (2 {p/2 ~ 1)v0 )~ 1 \(A e y p a (A+y p 



N \ p/2 

|/-vr(/)| 2 d^ . 
•M / 
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Since 6 is arbitrary, we obtain 



f 2 (i/2-i/ P )vcn 



-M 



1/p 



^ sup 

6e(-M,N) 



-M 



A (At)- 1 

1/2 

|/-7T(/)|> 



Next, since / is arbitrary, it follows that 



^^2(1/2-1/^0 inf (A7VA+). 

Up to now, the proof is similar to J3j Theorems 3.3 and 3.4] in the specific 
case that q = 2. For general q ^ 2, we have luckily a different approach 
(cf. [5j Chapter 6] and references therein). Note that we have already proved 
that if the measure fi is replaced by fi g := g\x for a nonnegative function g on 
[— M, N], then the optimal constant A g in the inequality 



N 



1/ d M£ 



M 



1/2 



< A fl 



N \ 1/p 

/IP, 1 



M 



obeys 



A ^ 2 (l/2-l/p)V0 inf Ufl,- V ^,+) 



where is obtained from A e replacing /i with \i g . From now on in this 

proof, the constants A g , A e g ^ , and Bg'^ are used for [i g in the specified case 
that q = 2 only. Note that for j4 9 ' for instance, the function g can be replaced 

by gt[o )N ]. 

Even though we are now mainly working on the L 9 -case to which & is the 
set of functions in the unit ball of L~(fi) (where is the conjugate number 
of ?/2): 

,-N \2/g ,JV rN 

/ |/ — 7r (/)| 9 d/i ) =sup/ |/-7r(/)| 2 5fd/x = sup / |/-7r(/)| 2 d// 9 , 
J-A/ / g&J-M g&ffJ-M 



at the moment, we allow ^ to be general in the setup of Hypotheses ll.lUt 



(/-7r(/)) 2 ||f < AbII/'II,,. 



We have 



A M = sup A ff < sup inf (A 9 '' V A e > + ) 

g& g&S 6e(-M,N) 9 9 



(17) 



< inf 

0e(-M,N) 



sup A° g <-\ \l ( sup A e g A 
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where 

% = {g\[-M,e] % + = {g\[e,N] : s € Sf}. 

Here is a technical point. Because on the left-hand side of (I17D . we start at 
q = 2. This leads to the restriction that p G (1,2] since we need q ^ p in order 
to use the basic estimates in terms of given in the next proof. Anyhow, 
we have proved the first assertion of the next result. 



Lemma 2.2 Let satisfy Hypotheses 11.101 Then for p £ (1,2], we have 

sup Aj" ) \/ ( sup Aj+ ) 

gear / V e^+ /. 



Am < inf 

6>e(-M,JV) 



Moreover, 



where 





sup 






B 


= sup 




re(0,N) 




= sup 




re(-M, 



sup Ag'* < 



Proof. By |18t Theorem 1.14] and |16t §1.3, Theorem 1] (see also [2j Theorem 
8] and j!3j Theorem 2] in which the factor k qtP may be different), we have for 
general 1 < p ^ q < oo that 

Bf < Af < fc, iP B^, 1< p < g < oo, 
Bj= sup M[^^] 1/9 i>[^r] (p - 1)/p , 

re(0,N) 

B e = sup //[— M, r] 1 / 9 u[r, fl]^ 1 )/* 1 , 
re(-M, e) 

where v is the same as in the last section. It remains to estimate sup sg ^+ Ag 
for instance. First, we have for q = 2 that 

sup A e ' + ^ k 2:P sup Bg' + . 



Next, we have 



sup B g ' = sup sup p g [r,N] ' 0[9,r] 



V2 fi r fl r l(p-l)/p 



, eS »+ re(0,iV) 



sup ( sup %[r,iV]) ' z^r]^ 1 )^ 



1/2 
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Similar computation holds for srm c ^- B„' . Combining these facts with the 
first assertion gives us the second one of the lemma. □ 

As mentioned in the last section, without loss of generality, we can assume 
that /i is positive on each subinterval. 
Here is our upper estimate. 

Lemma 2.3 Let fj, pp = and <S satisfy Hypotheses 11.101 Then for p G (1,2], 
we have 

where the constant BZ is defined by 



Bl p-i = inf 

x<y 



111 r ,11 2(P_1) _1_ ||H r , II 2 ( P_1 > 



p , 

v[x,y\~ l . 



Proof. Write 



Br 1 '- 1 = s up p - 



x<y II 2( P -i) , |i 1lr || 2( P -i) 

Similar to the proof of Lemma II. 3\ the assertion follows by using Lemmas I1.2I 
and I2.2I Here we may need the approximating procedure by finite M and N. 
□ 

The following result is on the lower estimate of A. Its proof is new even in 
the special case that p = q = 2. Note that fi[x, y] = n(x, y) whenever /x pp = 0. 



Lemma 2.4 Let /li pp = 0. Then for 1 < p, q < oo, the optimal constant A in 
(fT6|) satisfies 



A ^ sup 

-M^x<y^N 

= : B*. 



n[-M,x] 1 -i +fj,[y,N] 1 -i q v[x,y] p 



1-9 



, 2=1 



(18) 



Proof. Given m,n £ {—M, N) with m < n, let 9 = 9(m,n) be the unique 
solution to the equation 

p6 rn 

fi[-M,m] 0[m,6]+ / fi(dx)v[x,0]=fi[n,N]i>[0,n]+ /j,(dx)u[9,x], 9 6 (m,n). 
Jm Je 

The existence of the solution is clear since is continuous, when 9 varies from 
m to n, the left-hand side goes from to a positive number and the right-hand 
side goes from a positive number to zero. Next, define 



f{x) = -t{ x ^v [mVx,0] +t {x> § } C>[9,nAx], x G [-M,N]. 
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Then //(/) = by definition of 9. Clearly, / is absolutely continuous. On the 
one hand, we have 



J-M J 



l/p 



rn \ i/p 
h p dv+ I h p du 



[v[m,0] + i>[0,n]) 
li/p 



i/p 



v\m. n\ 



(19) 



Here in the second step, we have once again ignored the singular part of v. 
On the other hand, we have 



N 
-M 



/iV 
l/| 9 d/i 
-M 

/m rN 
\f\*d» + / l/I'd/x 
-M in 



(20) 



= n[-M, m] v [m, 9 ] q + /x[n, N] v [9, n] q . 

Now we have naturally, as in proof (a) of Proposition 11.14 that 

RHS of (|20]) ^ (m[-M, m] A //[n, N}) (p [m, 9] q + v [d, n] q ) 
^ 2 1 ^( / u[-M,m] A |u[n,iV])i>[m,n] 9 . 

However, such a lower bound is quite rough for our purpose so we need a 
different approach. Note that the function 

7(x) = ax q + 0(1 - x) 9 , x £ (0, 1), a > 0, > 0, g£ (1, oo) 



achieves its minimum 



i i 



,1-9 



(resp., a A in the case of q = 1) 



at 

'a \ ~ 
Applying this result with 



1 + 



9-1 



a q-l + fiq-1 



6(0,1). 



a = 

to ([2QD, we get 

^v 



M,m], = //[n,iV], x = P[m,&] /u[m,n] 



( r N \ 1/q r i i i 1 ^ 

f J |/-7r(/)|«d^J > |//[-M,m]^ +^[n,iV] — } 9 i>[m,n]. 



Because 



— M 



l/-T(/)l*dM 



1/9 / /-AT 



-i/p 
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the estimate given in the lemma now follows immediately. □ 

Now, one may ask the possibility using the idea in the last part of the proof 
above to improve the estimate produced by proof (a) of Proposition 11.11 The 
answer is yes if p > q and no if p ^ q. Note that here we have power q > 1 and 
in proof (a) of Proposition ll.il the power is p/q. Thus, if p > q, we can follow 
the proof here to have an improvement. However, in this paper, we are mainly 
interested in the case that p ^ q. Then the function ax 7 + /3(1 — x) 7 (7 ^ 1) 
is concave, its minimum is achieved at the boundaries: either at x = or at 
x = 1. That is, min xg ( ,i){ a:E7 + PO- — x) 1 } = a A (3. In this case, we have 
thus returned to the original result given in proof (a) of Proposition 11.11 We 
mention that this remark is also meaningful for the first step of the proof of 
Lemma 12.21 given right below the proof of Lemma 12.11 

As an analog of Lemma ll.5| we have the following result. 

Lemma 2.5 Let q ^ p. Then we have B* ^ B* < 2 1/p - 1/q B*, where the 
constant B* is defined by 



Proof. Applying B to Li- 2 (/i), the constant B^ given in Lemma l2.3l is reduced 
to B* defined bv (|2T]>. 

(a) Part B* ^ B* follows from the c r -inequality by setting 



As a combination of Lemmas 12.31 - 123| we obtain the following result. 

Theorem 2.6 Let fi[-M,N] < 00 and /x pp = 0. Then 
(1) for 1 < p ^ 2 ^ q < 00, the optimal constant A in (j!6p satisfies 



(2) for 1 < p, q < 00, we have B*, 

where B* and B* are defined in Lemmas 12.41 and (j2ip , respectively. Moreover, 
we have B* ^ B* ^ 2 x lv~^l<iB* once q ^ p. 




(21) 



a = ii\-M,^=pH /3 = fj,[y, N] T^pJi r = —. ^ e (0,1]. 

p{q - 1) 

(b) Part .B* 2 1 / q ~ 1 / p B* follows from the inequality by setting 

1 1 via — 1) 

a = u,[-M,x}~, (3 = n[y,N}^, r = — ^ 1. □ 





A < k2, p B*, where k q>p is defined by ([5]), and 
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Proof. As an application of Lemma [2]3j we get the upper estimate of A. The 
lower estimate of A is due to Lemma [2.41 The comparison of B* and B* comes 
from Lemma 12.51 □ 

When p = q = 2, from Theorem 12.61 it follows that 

B* < A < 2B*. 

We have thus returned to Theorem 10.2]. It is interesting that in the special 
case of p = q = 2, the duality given in [I2j page 13 and (1.17)] coincides with 
that used in j6j [7J. The former duality exchanges the (single-side but not 
bilateral) boundary conditions /(— M) = and f(N) = 0. This is clearly 
different from a dual of ([I]) and (fl6|) . To prove the last duality, in [61 [7J, 
several techniques were adopted: coupling, duality, and capacity. Thus, the 
proofs given here are essentially different from that presented in [61 [7] , much 
direct and elementary. Besides, it is unclear how these advanced techniques 
can be applied to the present setup. 

In parallel to the last section, define y(x) to be the solution to the equation 
fj,[—M,x] = fi[y,N] and denote by m(/x) to be the median of \x. Set 



i 



1-9 



p-1 

H fJh u{x,y)= / u[-M,x] 1 -9+ / u[?/,iV] 1 -9 q v[x,y] p . 
Define 

H o =2 i/ q -i gup /J ,[-M,x] 1 / q u[x,y(x)]<r- 1 V* (22) 

xe(—M,m(ji)] 

Denote by T be the limiting points of H^^ix^y) as 

v\— M, x] = co or u[y, N] = cxj, 
as well as the iterated limits if v[—M, N] = oo when M = oo = N . Set 

F a = fsu P { 7 : 7e r } ifr/0 
[o if r = 0. 

Similar to Lemmas 11.71 and 11.81 we have the following result. 

Lemma 2.7 Let fi[—M,N] < oo and fi pp = 0. Define H° and as above. 
Then we have 

H° V H 9 < < (2 1 - 1 / ? J ff°) V # a 

and 
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Proof. Consider B* for instance. Recalling that fj,[—M,x] = fj,[y(x), N], we 
have 

sup < /u[— M, x] !-9 + -/V] f ^F 5 y] p 
>2 1 l q - 1 sup n[-M,x] 1/q v[x,y(x)]( p - 1)/p 
= H°. 

This plus the boundary condition gives us the lower estimate of B*. The proofs 
for the other assertions are similar. □ 



Corollary 2.8 The Hardy-type inequality ([16]) holds iff H° V H 9 < oo. 

To generalize Theorem 12.61 to a general normed linear space B, as in the 
study of the upper estimate B^, a natural way is starting from B gif : 

sup-B 9 * = sup sup \ ({igl-M^} 1 ^ + fj, g [y,N] T ^') q i>{x,yfv~ I. 
g g %<y I v 7 J 

Then it is not clear how to handle with this expression in terms of the norm B. 
A crucial point here is that the measure \x appears in the last expression twice 
rather than a single term in the last section. The next result is an extension 
and improvement of the basic estimates given in [JJ Theorem 2.2]. 



Theorem 2.9 Let fi[—M, N] < oo, /x pp = 0, and & satisfy Hypotheses [TTOj 
Then 

(1) for p 6 (1,2], the optimal constant A% in the inequality 

ll(/-vr(/)) 2 |i; /2 ^B||flk P 

satisfies ^4b ^ k2,pB^, where the constant B^ is defined by 

= _ M mi <y<N {\\t { -MM\\M^ + Ill^lU^j^x^]- 1 . 

(2) For 1 < p, q < oo, the optimal constant A^, in the inequality 

IIi/-^(/)I1b / ^^bI|/ / ii,, p 

satisfies A^, ^ f?B*, where 

p-i 

5 B * = sup -y B (x,y;q)0[x,y] p 

-M<x<y<N 

and 
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Proof. The first assertion is a copy of Lemma 12.31 To prove the second 
assertion, we return to the construction used in the proof of Lemma [2. 41 That 
is, we use the notation 9 and / introduced there. First, we have 

III/-t(/)I 4 IIb = III/i1b 

> |||/| 9 l[-M,m] + l/ri 
= 1[-Af,m] V [ m i 0] Q + ![n,iV] V [9, 

Combining this with Q19j) . we obtain 



\\f-<f)\ q 



1 1/9 



P-i 

(m, n: a) v\m. n] v . 



Now the required assertion follows by making supremum with respect to (x, y) 
with x < y. □ 



Example 2.10 Let fj,(dx) = v(dx) = e~ bx dx (b > 0) on (0,oo). Then the 
inequality (I16D does not hold if q > p. When q = p, we have 



B* = B* =H 9 = rip-l) 1 ~ p - 
b 

The upper estimate 2B* in Theorem 12.61 (1) is sharp in the case of p = q = 2, 
refer to (TJ Example 5.3]. 



Proof. We have 

M0,x) = i(l-e- te ), M (y,oo) = ie-^ y{x) = - l -\og{l-e- bx ),m^)= l -\og2. 



Next, 
Thus, 

Hence 



bx p — \ / by bx 

h(x) = ev- 1 , v[x, y] = — - — ( e?- 1 — e?- 1 I . 



/ 1 \ l- 
_I / p — 1 \ 



i J _ by 



by bx \ 1 

gp-1 _ gp-1 



# d = lim H^(x,y) = b- 
y— >oo 



b 1 (p — l) 1 p if g=p 
oo if g >p. 



l— - 

i / p — 1 \ p 



Inn e Vp ^ 
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Thus, the inequality (fT6l) does not hold if q > p. Next, assume that q = p. 
Then we have 



H° = 2v~ l b-v(^—^] ' sup {1 - e- bx )U(l - e~ bx y^ - P 

\ " J xg(0,fe- 1 log 2) ^ 

= 2p- 1 b'p(^-] P sup (l- e - x )v((l-e- x y^ -e^ 1 ' 7 



xG(0,log 2) 

To compute H°, we observe that 



lim(l -e- x )p((l -e~ x )'^ -e^Y P = 1. 

x— >0 \ / 



Because of this and the decreasing property of the function on the left-hand 
side, we obtain 



H =2p b p[ — - — I = 2p ~{p—l) p. 



b J b 



Having H and H° at hand, it is easy to compute B* and B*. □ 



Example 2.11 Let /i(dx) = x 2 dx and v(dx) = dx on (l,oo). Then the 
inequality (fT6| does not hold if i + | < 1. Otherwise, if | + | = 1, then 

B* = B* = H 9 = 1. In particular, when p = q = 2, our upper estimate 2i?* in 
Theorem is exact since A = 2 (cf. [2 Example 5.4]). If i + i > 1, then 

H° ^ ^ 2 1 " 1 / g J fr° and 2 l / p - 1 / q H° < 5* sC 2 1 - 1 / q H°: 

20 



H° = 2«~ 1 



yja 2 -6a0 + /3 2 + a- /3 



+ 1 



^/q 2 - 6«/3 + /3 2 + q + g 
2^ 



where a = l- ±- ±<0and/3 = l- ±>0. In this case, 2 1 / p ' 1 < < 
2 i-i/9 For fixed p = 5/4, when g varies over [2, 4.25], the curves of H°, B*, 

B*, and 2 3 / 2 - 1 /p£* 

are given in Figure 2. The ratio of the upper and lower 
bounds is increasing in q but no more than 2. 
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1.1 



1.0 



0.9 



0.8 







3.5 



4.0 



Figure 2 The curves from bottom to top are 

H°, B*, B*, and k 2yP B* , respectively. 

Proof. Note that h = 1. We have 

M(M) = / "4 = - — ^(y,oo)= / -4 = -, j/(x) = — ^— , m(fj,) = 2. 

Jl z l x Jy z z y x-1 

Then 



x — 1 



1/(1-?) 



1/(9-1) 



1/9-1 



(p-l)/p 



Thus, 



hm H^ u (x,y) = < 



1 if I + I = 1 

oo ifi + |<l 
if \ + J > 1. 



Hence the inequality does not hold if | + | < 1. When p = 2, this means 
that the inequality does not hold whenever q > 2. The assertion is known as 
a sharp result for Nash inequality (cf. Table 8.2]). Next, we have 



1 \ 1 /i 



sup 

xe(i,2] 



x — 1 



(p-i)/p 



)l/9-l 



sup ( 1 + 

356(1,2] 



, \ 1— -— - 

(2 — x) p. 



x — 1 
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When i + ± = 1, we have H° = 2 1 /'?- 1 , an d so B* = B* = H 9 
i + | > 1, we have 



1. When 



B* = sup 

x<y 



1 \ (1-P)<3 P 

1 + y(p-l) q 

X J 



--1 



{y-xf p. 



B* = sup 

x<y 



1 \ 1-9 _JL_ 



(y-x) 1 p. 

has an explicit expression as shown above. □ 



-i 



3 Nash inequality, Sobolev-type inequality, and 
logarithmic Sobolev inequality 

In this section, we study first the Nash inequality and its closely related 
Sobolev-type inequality, as a typical application of Theorem 12.61 Then we 
study the logarithmic Sobolev inequality by the similar method introduced in 
the paper. 

Nash inequality and Sobolev-type inequality 

Recall that the probability measure ir is defined by fj,/fj,[—M, N]. Consider the 
Nash inequality: 

11/ " ?r(/)C 2 4/7 < MUtjfCl 7 > 0. (24) 

It seems more symmetric to replace ||/||^,i by ||/ — vr(/)|| Mi i on the right-hand 
side of d2U). Let us denote the latter one by (f2~4"]) / '. If ((241) holds for every 
absolutely continuous / G L 2 (fi), then so does (pi"]/ regarding / — n(f) as a 
new /. Conversely, assume (|24]l / . Since ||/ — 7r(/)|| Mi i ^ 211/H^i, we certainly 
have ([21]). Hence ([21]) and ([21]) ' are equivalent. 

It is known (cf. |15| . [5] §4.8 and §6.5] for related results and more ref- 
erences) that this inequality, when 7 > 2, is equivalent to the Sobolev-type 
inequality 

\\f - *(f)\\l,*r/(>r-*) ^ M\f\\l,r ( 25 ) 
Now, as an application of Theorem 12. 6[ we have the following result. 

Theorem 3.1 Let fj,[—M,N] < 00 and /x pp = 0. Then 

(1) when 7 > 2, the Nash inequality ([24]) or equivalently, the Sobolev-type 
inequality ([25]) holds iff H° V H 9 < 00, where H° and H 9 are defined by 
([22]) and ([23]) . respectively, with p = 2 and q = 27/(7 — 2). Furthermore, 
we have 

B s * ^A s ^ 4B* S , 



Bilateral Hardy-type inequalities 



33 



where 



Bg = sup 

x<y 

Bs* = inf 

x<y L" 



-—1 -—1*1 

/i(-M,ac)7 +fi(y,N)t i>[x,y], 



/i(-M,x) 2 +^ 1 + JV) 2 +7 1 7 £[a?,y], 



and B s * ^B*^ 2 2 ^B S *. 
(2) Let M, N = oo. If z>(-oo, 0] A z>[0, oo) = oo, 

lim fj,(— oo, x) 0(x, 6) < oo and lim oo) i>(0, y) < oo, 

a;— >— oo y— >oo 

lim oo, x) z>(x, 0) > and lim u(ll, oo) 0(0, y) > 

a;— >— oo >oo 



for some G E, then the Nash inequality (I24j) does not hold whenever 

7€ (0,2]. 



Proof, (a) The assertion in Part (1) on the estimates of As is a straightforward 
consequence of Theorem EE with p = 2, q = 27/(7 - 2), and (A s , B£, #s*) = 
(A 2 ,B* 2 ,B%). The criterion is a copy of Corollary 12.81 

(b) The restriction "7 > 2" comes from the reduction of Nash inequality 
to the Sobolev-type one. This costs a smaller gap of the criterion for the Nash 
inequality, marked as (e) in the last line on page 15 and the last sentence in 
Theorem 1.10 of [5J, for instance. The restriction is recently removed in |19| in 
the discrete situation. Here we show that a direct proof is also possible under 
a technical condition. 

To see that the Nash inequality ([2i]) does not hold for 7 G (1,2], rewrite 
for a moment the inequality as 



Var^/r < A r \\f'\\l 2 , /a 2 M, ll/t,! 



1, 



(26) 



where A r denotes the optimal constant. When 7 varies to 2, r moves from 
00 to 2. By the splitting technique (replacing H/H^i by ||/ — tt(^) on t ne 
right-hand side of flUD ), we may consider the half-space (—M,N) = (0,oo) 
only, and reduce (f26l) to 



Since 



fi, 2 



2 ^ C r J J /' J J v 



/(o) = o, /aU n/iUi 



1, it is clear that the last inequality becomes stronger 



when r increases. Thus, it is sufficient to show that the inequality (I26p does 
not hold when r = 2 (i.e., 7 = 2). 
To do so, fix a point y > and let 



fix) = 0[0,xAy], 



x ^ 0. 



34 



Mu-Fa Chen 



Then 

/■oo r-y 

M,i = y /i(dz)z>[0, z Ay] = J h fi(; oo), 
l^>»(y,oo)^my\ 2+4h , 

f'\\l, = my}- 



\l>,2 

Now, we have 



IT ; (Ky,oo)f>[o,y?) 1+Vl 



Wf'tjfCl my}[f y hK;^)]* h 

_ fi{y,oo) l+2 ^j>[0,y] 1+4 ^ 

[/»M-,°°)] 4/7 

M^oo) 1 " 2 /^,?/] 



[/ y /i/i(-,oo)/(/x(y,oo)i>[0,y]) + 1] 



4/ 7 ■ 



Since J Q y h /u(-, oo) > oo) i>[0, y], when 7 = 2, we need only to study the 
ratio 



my] 



H(y, oo)z>[0, y] 12 



Jo hfi,(-,oo) 

By assumption, if / °° hfi(-, 00) < 00, then the right-hand side goes to infinity 
as so does y by assumption again. This implies that ^4^ = 00. Therefore the 
Nash inequality (f24"|) does not hold at 7 £ (0, 2] in this case. 
Next, if J °° h 00) = 00, then 

&[0,y] h(y) 



[ J y h 00)] 2 00) /» h 00) 

*[0,v] 



(by PHopital's rule) 



/x(y,oo)z>[0,y] J y hfj,(-, 00) 

my] 

rv./ — 

Jo hn(-,oo) 
h(y) 

h(y)Ky>°°) 
1 

= — ; r- — )• 00 as y — > 00. 

/x(y,oo) 

Therefore we have arrived the required assertion again. □ 
We remark that the condition 

lim 00, x) u(x, 6) < 00 and lim ^(y, 00) 0(6, y) < 00 

in Theorem 13.11 (2) means that the corresponding diffusion process is expo- 
nentially ergodic, otherwise, the Nash inequality can not hold since the latter 
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inequality is stronger than the former ergodicity (cf. [5j Table 5.1 and The- 
orem 1.9]). Actually, by the cited results, once the transition probability of 
the process has a density, one can even assume a stronger condition that 
Jq 00 h oo) < oo, then the proof above can be simplified. 

The rough factor 4 1+1//7 (7 > 2) in Theorem 13.11 (1) is clearly smaller than 
the first factor 8 given by [5l Theorem 6.8]. The second factor given by the 
cited theorem is clearly less sharp than the first one and so is than what we 
have here. 

Logarithmic Sobolev inequality 

We now turn to study the logarithmic Sobolev inequality 

Ent4f)^A LS \\f'\\l )2 , (27) 

where 

EntM = / M / lo § (^/)) d ^ for f > °" 



Theorem 3.2 Let fi[—M,N] < 00 and ^ pp = 0. Then the optimal constant 
Als in (EZD satisfies the following estimates 



where 



B*' 1 = inf <j v[x,y}- 1 

x<y 



B* < A LS ^ 4ET, 



vr[-M,x]log 1 + 



7r[-M, x] 



+ 



ir[y,N] log 1 + 



ir[y,N] 



-1 



B 



-1 



inf inf < v[x, y] 

0e(-M,N) (x,y)36 



1-1 



ir[-M,x] log 1 + 



or alternatively, 



B- 1 = inf \u[x,y\~' 

x<y 



1 - vr[-M, 6} 
tt[-M, x] 



- . 1-tt[9,N] 



z*(x,y) 



1 -1 



+ 



ir[-M,x] log I 1 + 
7r[y,iV] log(l + 



7r[-M, X 

1 - z*(x,y) 

TT^iV] 



-1 



(28) 



where z*(x,y) is the unique solution to the equation 

2 



tt[-M,x] log 1 + 



vr[-M, x] 



1 + 



7r[-M, x] 
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ir[y,N] log 1 + 



In particular, we have 



1 - z 
ir[y,N] 



1 + 



1 - z 



ze(0,l). (29) 



B' 1 sC inf 

(x, y)Bm(-K) 



u\x,y 



-i 



7r[-M,x]log 1 + 



1 



7r[y,iV]log 1 + 



2vr[-M, x 
1 



2vr[y,iV] 



-i 



where m(7r) is the median of ir. 



Proof, (a) Upper bound. Even though this theorem is not a consequence of 
Theorem 12. 9\ the idea of the proof for the upper bound is more or less the 
same as we used several times in the last two sections. Given / £ L 2 {ir) with 



u(f' 2 ) e (0,oo) and 6 E (-M,N), let 



f = f-f(0), /- = /![- 



/+ = A(0,iv]- 



The following facts were proved in the first part of [H Proof of Theorem 3] for 
the specific 6 = m{ir), but the proof remains true for general 9: 

EnW(/ 2 ) < EnW(/ 2 ) + 2^(/ 2 ) (by [5j Lemma 4.14]) 
< EnW(/!) + 2tt(/ 2 ) + EnW(/ 2 ) + 2vr(/ 2 ) 

(since Ent^ is sub-additive: Ent^/ + g) ^ Ent 7r (/) + Ent^g)) and 

Ent 7r (/1) + 2vr(/ 2 ) < 4B±v(f£), 

where 

£^ = su P 7r[-M,x] log ( 1 + 6 ] £[x,0], 



S+ = su P 7r[y,iV] log(l + - 
y>0 V f 



j>[0,y]. 



Thus, we have 



EnW(/ 2 ) < Ent 7r (/ 2 )+27r(/ 2 ) 



if 



Ent^/ 2 ) + 2tt(/ 2 ) + EnW(/ 2 ) + 27r(/ 2 ) 
Ent^/ 2 ) + 2tt(/ 2 ) . , Ent w (/ 2 ) + 2^(/ 2 ; 



V 



"(/+ ) 



^(4B-)v(4i?+). 
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The original proof for the upper estimate stopped here with 9 = m(n). Because 
9 is arbitrary, we obtain 

< 4 inf (B7 V B+) . 

Note that the right-hand side is independent of /. By choosing 9 such that 
= B^, it follows that 

EnW(/ 2 ) 



-if' 2 ) 



Now, since / with v (/' ) G (0, oo) is arbitrary, we obtain 

EnW(/ 2 ) 

Als= sup I)' > < 4Bg ■ 

Next, as an application of Lemma 11.21 we have 

v[x,e] +i>{e,y] 



B* = sup 



*<v [vr[-M,x]log (1 + ^j)]" 1 + [Trb, N] log (l + ^j)]" 1 

Combining the last two estimates together, we obtain the required upper 
bound. Once again, the unknown 9 disappears in the expression of B*. 

(b) Lower bound. We adopt a similar method as used in the proof of 
Lemma 12.-41 Define 



f(z) = -l {z<fty u[xVz, 9] + t {z>e} u[0,yAz], z G [— M, N], 

where x, y, 9 with (x, y) 3 9 are fixed. First, let us apply [TJ Proof of Theorem 
3] to this specific test function /. 

EnW(/ 2 l { ^ e} ) = sup { f fgdir : [ e^dir < 1 

I J-M J-M 



> sup <^ / rgdir : g ^ and / e 9 dn < 1 
I J-M J-M 

^ u[x, 9} 2 sup < / l[-ju,a;] 9^ '■ 9 ^ and / e g dir ^ 1 >. 

I J -M ' J —M J 

Applying [TJ Lemma 6] to the last supremum, it follows that 
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^.):M-«,.]>,(lt '-ff 

Symmetrically, we have 

Ent n (f 2 t [6:N] ) ^i)[9,y] 2 ^(9,y), 

Next, by logarithmic Sobolev inequality, 

A LS v(f' 2 t h M,e]) > Ent 7r (/ 2 l [ _ M)e] ), 

it follows that 



(30) 



(31) 



Similarly, 



A LS z/(/%^) ^,y] 2 V>(^)- 



We now arrive at the place different from the known proofs. Summing up the 
last two inequalities, it follows that 

Als y{,f) > t[x, 0} 2 <p(x, 9) + 0[9, y} 2 ${0, y). 

Since one can replace ^(/ /2 ) by u(f' 2 ) in the original inequality, by definition 
of /, we have z>(/' 2 ) = u[x,y], and so 



Als > -r T 0[x, 9] 2 ip(x, 9) + f>[6, y] 2 4>(9, y) 

v[x, y\ l 



Therefore, we have 

Als > i>[x, y] 



v x, 



\i>[x,y] 



<p(x,0)+[l 



v[x,y] 



my) 



Noting that the function c\z 2 + C2(l — z) 2 on [0, 1] achieves its minimum 
(c^ 1 + c^ 1 ) at z* = c<ij(c\ + C2), it follows that 

Als > 0[x, y] {<p(x, 9)~ l + Y>(0, y y l ) \ 
Since (x, y) 3 9 are arbitrary, we finally arrive at 

Als ^ sup sup u[x, y] (<p(x, 9)' 1 + ^(9, y)' 1 )" 1 . (32) 
ee(-M,N) (x,y)ae 

This gives us the first version of B* . Then the final assertion of the theorem 
follows by setting 9 = m(ir). 



Bilateral Hardy-type inequalities 



39 



(c) We now prove the alternative assertion of B*. Since supremums are 
exchangeable, one may rewrite B* as 

B* = sup < 0[x, y] sup ((fix^y 1 +ip(6,yy 1 )~ 1 \. 

Fix x < y and make a change of the variable 9 by z = 1 — tt[—M, 9]. Then 
1 — tt[9, N] = 1 — z and the functions (p(x,9) and ip(9,y) become <p(x,z) and 
ip(z,y), respectively. The supremum above should be achieved at the point 
for which the derivative in z of (<f(x, z)^ 1 + tjj(z, 1 vanishes. This leads 

to the unique solution z* = z*(x,y) to equation ([29|h Then we obtain (f28|) . 
□ 

We mention that there is a large number of publications on the logarithmic 
Sobolev inequalities, in the one-dimensional case for instance, one may refer 
to [H], [1], [5j §4.6 and §6.6] for related results and more references. Generally 
speaking, Theorem 13.21 clearly improves [U Theorem 3] (since a V/3 is replaced 
by a + /?), to which the factor of the upper and lower bounds is at most 16, 
the best one we have known up to now. In the special case that the measures 
7r and v are symmetric with respect to m-(vr), the computation of B* and B* 
can be reduced to half space. Then Theorem 13.21 coincides with [H Theorem 
3] . Besides, having Theorem 13.21 at hand, it should be easy to introduce the 
corresponding H° and H 9 as we did in the previous sections. 

The methods introduced in the paper should have more applications. For 
instance, in parallel to the proof of Theorem 13.21 we may have an improved 
version of the Sobolev inequality and the Latala-Oleszkiewicz inequality pre- 
sented by [U Theorems 11 and 13]. 

Acknowledgments. The results of the paper have been presented in our seminar. 
Thanks are given to Y.H. Mao, F.Y. Wang, Y.H. Zhang, and the participants for their 
helpful comments and suggestions which lead to some improvements of the paper. 
Thanks are also given to a referee for correcting a number of typos in a previous 
version of the paper. Research supported in part by the National Natural Science 
Foundation of China (No. 11131003), and by the "985" project from the Ministry of 
Education in China. 

References 

[1] Barthe, F. and Roberto, C. (2003). Sobolev inequalities for probability mea- 
sures on the real line, Studia Math. 159(3), 481-497. 

[2] Bennett, G. (1991). Some elementary inequalities III, Quart. J. Math. Oxford 
Ser. (2) 42, no. 166, 149-174. 

[3] Chen, M.F. (2000). Explicit bounds of the first eigenvalue, Sci. China (A) 
43(10), 1051-1059. 

[4] Chen, M.F. (2002) . Variational formulas of Poincare-type inequalities in Banach 
spaces of functions on the line, Acta Math. Sin. Eng. Ser. 18(3), 417-436. 



40 



Mu-Fa Chen 



[5] Chen, M.F. (2005). Eigenvalues, Inequalities, and Ergodic Theory. Springer, 
London. 

[6] Chen, M.F. (2010). Speed of stability for birth-death processes. Front. Math. 
China 5(3), 379-515. 

[7] Chen, M.F. (2012). Basic estimates of stability rate for one-dimensional diffu- 
sions. Chapter 6 in "Probability Approximations and Beyond" , 75-99, Lecture 
Notes in Statistics 205, eds. A.D. Barbour, H.P. Chan and D. Sicgmund. 

[8] Chen, M.F. and Wang, F.Y. (2000). Cheeger's inequalities for general symme- 
tric forms and existence criteria for spectral gap, Ann. Prob. 28(1), 235-257. 

[9] Chen, M.F., Zhang, Y.H. and Zhao, X.L. (2003). Dual variational formulas for 
the first Dirichlet eigenvalue on half-line, Sci. China 46(6), 847-861. 
[10] Kokilashvili, V., Meshki, A. and Persson, L.E. (2010). Weighted Norm Inequal- 
ities for Integral Transforms with Product Weights, Nova Sci. Publ., New York 
[11] Kufner, A., Maligranda, L. and Persson, L.E. (2007). The Hardy Inequality: 

About its History and Some Related Results, Vydavatelsky Servis. 
[12] Kufner, A. and Persson, L.E. (2003). Weighted Inequalities of Hardy-type, 
World Scientific. 

[13] Manakov, V.M. (1992). On the best constant in weighted inequalities for 
Riemann-Liouville integrals, Bull. London Math. Soc. 24, 442-448. 

[14] Mao, Y.H. (2002a). The logarithmic Sobolev inequalities for birth-death pro- 
cess and diffusion process on the line, Chin. J. Appl. Prob. Statis. 18(1), 94-100. 

[15] Mao, Y.H. (2002b). Nash inequalities for Markov processes in dimension one, 
Acta. Math. Sin. Eng. Ser. 18(1), 147-156. 

[16] Maz'ya, V. (2011). Sobolev Spaces with applications to elliptic partial differ- 
ential equations (2nd Ed.), Springer. 

[17] Muckenhoupt, B. (1972). Hardy's inequality with weights, Studia Math. XLIV, 
31-38. 

[18] Opic, B. and Kufner, A. (1990). Hardy-type Inequalities Longman, New York. 
[19] Wang, J. (2012). Criteria for functional inequalities for ergodic birth-death 
processes, Acta Math. Sin. 28(2), 357-370. 

School of Mathematical Sciences, Beijing Normal University, 

Laboratory of Mathematics and Complex Systems (Beijing Normal University), 

Ministry of Education, Beijing 100875, The People's Republic of China. 
E-mail: mfchen@bnu.edu.cn 



Home page: 



http://math.bnu.edu.cn/~chenmf/main_eng.htm 



